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ABSTRACT 
The Heawood map coloring conjecture for orientable 2-manifolds is one of the 
oldest unsolved problems in combinatories. This article settles a portion of the conjec- 
ture in the affirmative by determining the genus of the complete graph with 12s ver- 
tices. The method employed is novel in that it is necessary to use a non-Abelian group 
to identify the vertices. 
1. INTRODUCTION 
For each positive integer n there is a complete graph K~, that is, a graph 
with n vertices (or nodes) such that each pair of distinct vertices is joined 
by one arc (or edge). Thus Kn has n vertices and n(n -- 1)/2 arcs. 
The genus of Kn, written 7(Kn), is the genus of the closed, orientable 
2-manifold M with the property that Kn can be (topologically) imbedded 
in M but in no manifold of lower genus. Under these conditions Kn is 
said to be minimally imbedded in M. It follows that each component of 
(M-  Kn) is an open 2-cell. (This statement is intuitively obvious, but 
the proof is by no means trivial; see [8, p. 306].) Hence we have a cellular 
decomposition of M, and the Euler formula may be applied. A direct 
computation shows that the genus of M, and therefore y(/~), is given by 
the following formula 
7(Kn ) = (n -- 3) (n -- 4) 1 
12 + -6" ~] (k -- 3)Nk, 
k>8 
where Nk is the number of k-gons in the decomposition. Hence 
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y(K~) > (n -- 3) (n - 4) 
- -  12 
If l(n) is the smallest integer no less than (n -- 3) (n - 4)/12, n > 5, 
then the complete graph conjecture is that 
~,(~)  = x(n). 
This conjecture is equivalent to the celebratedHeawood map coloring 
conjecture for orientable 2-manifolds of positive genus in that both are 
true or both false (see [3] or [9]). 
Notice that (n -- 3) (n -- 4)/12 is an integer if and onlyif n ~ 0, 3, 4, 
or 7 mod 12, that is to say, in these cases an imbedding in which Nk = 0, 
k > 3 (called a triangular imbedding) is not incompatible with the Euler 
formula. If such imbeddings can be found, then the conjecture is true 
for n ~ 0, 3, 4, and 7 mod 12. 
Triangular imbeddings have been exhibited for n -~ 3, 4, and 7 mod 12. 
(See Ringel [4] for cases 3 and 7 and Gustin [1] for all of these cases.) 
However, case 0 (that is, n ~ 0 rood 12) appears particularly difficult 
though an outline of the solution is given in [5] and [6]. This paper is 
devoted to a complete xposition of case 0. 
The method employed is due to Gustin [1]. Though he does not use 
non-Abelian groups or allows "knobs" in the "quotient graph," he has 
generalized the theory to permit heir use fortunately so, since this solu- 
tion makes use of both. The important fact is that Gustin has developed 
a theory, whereas all previous attacks on the problem appear to rely 
on combinatorial brilliance alone. (Unfortunately his complete theory 
has not yet appeared; in the interim one may wish to consult an exposi- 
tion of the subject in [9].) 
The method involves adroit combinatorial matching of a group to the 
geometry of an auxiliary graph. It is significant that in all other cases the 
group has been Abelian. On the other hand, under the desirable combi- 
natorial restriction that the solution have index 1 the use of Abelian 
groups is impossible for case 0. 
2. PRELIMINARIES 
I f  K is a graph we permit "multiple arcs" (that is, two distinct verti- 
ces may be joined by more than one arc) and "loops" (that is, a single 
vertex may be joined to itself by an arc). 
THE GENUS OF K12 s 45 
An arc of a graph joining vertices v and w has two orientations giving 
oriented arcs (v, w) and (w, v). These oriented arcs are the same if the 
unoriented arc is a loop. I f  a = (v, w), then we say that v is the initial 
and w the terminal vertex of the oriented arc a, and write a -1 for (w, v), 
the arc with opposite orientation. 
A current graph is a triple (K, G, 2), where K is a graph, G is a finite 
group with identity e, and ~ is a map from the totality of oriented arcs 
of K into G ~-~ e, the set of non-trivial group elements, subject to the 
condition that if a is an oriented arc of K, then 
2(a ) .  2 (a -1 )=e.  (1) 
Note that if a = (v, v), a loop, then a -1 = a and hence [~(a)] 2= e; 
that is, 2(a) is of order 2. (If [~(a)] 2= e, this does not imply that a -1 = a.) 
The element 2(a) is called the current on a, or a is said to carry current 
~(a). Moreover, if a = (v, w), then we say that the current leaves v and 
enters w. 
Given a graph K and a vertex v of K, a rotation at v is a cyclic permuta- 
tion of the oriented arcs of K with v as terminal vertex. A rotation ~ on K 
is a rotation at each vertex of K. 
A rotation 9 on Kinduces a map from the totality of oriented arcs of K 
onto themselves defined as follows: Consider any oriented arc (Vo, vl). 
Then ~(Vo, vl) is an oriented arc (v2, Vx). Define 
~*(VO , Vl) ~-- (Vl,  //2) 
and call 9" the circulation induced by 9. The orbits of 9" are oriented 
closed paths called circuits, and are said to be induced by ~. The length of a 
circuit is the number of oriented arcs in it. 
Given a current graph with rotation Q on it, we say that Kirchhoff's 
current law holds (or simply KCL holds) at a vertex v if the currents 
leaving u taken in cyclic order given by ~ have product e. 
A word should be said about graph representations. All graphs in the 
paper are drawn or represented on the plane. This means that the repre- 
sentation of the graph will not be a topological imbedding in the plane, 
except in rare instances. Arcs will cross over each other, but such arcs 
will always be represented by straight lines near the crossing point so that 
the eye will have no difficulty in following the complete arc. This means 
that it is important also for vertices to be obvious lest a crossing point 
46 TERRY, WELCH, AND YOUNGS 
be mistaken for a vertex. To this end vertices will be drawn as small 
circles. 
A loop, which is usually represented as a simple closed curve joining 
a vertex to itself, is here to be represented as a straight line with the 
vertex at one end; moreover, it will be called a singular arc. There is no 
vertex at the other end of a singular arc. This removes ambiguity from 
the concept of the degree of a vertex, where there might otherwise be a 
temptation to count a loop twice. 
I f  a current graph is to be represented, the unoriented graph is drawn 
first and then each arc is given one orientation shown by an arrow on 
the arc. The tip of the arrow points toward the terminal vertex or away 
from the initial vertex of an oriented arc. (In the case of a singular arc 
where the two orientations are the same, an arrow is not shown.) The 
current carried by the oriented arc is displayed adjacent o the arrow. 
Recall that (1) makes it unnecessary to record the current on the arc with 
opposite orientation. (The current on a singular arc is recorded near the 
end which does not have a vertex.) 
I f  a graph with rotation is to be represented, it can be drawn so that 
at each vertex the rotation is the permutation given by reading the arcs 
entering the vertex in clockwise order. This usually causes many cross- 
overs and a highly complicated and displeasing diagram. Permitting both 
clockwise and counterclockwise r ading serves to simplify the diagram. 
To this end a small filled-in circle (e. g., e )  represents a vertex at which a 
clockwise reading is the rotation; an open circle (e.g., o)  represents 
counterclockwise rotation. 
As an example consider Figure 1, in which the currents are from Z7, 
the additive group of integers mod 7. 
I 
5 
FIGURE 1 
In this case the oriented arcs are completely determined by the currents 
they carry. For example, -- 1 is the topmost arc (w, v). Suppose we com- 
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pute the circuit starting with the arc 1. At w the rotation is counter- 
clockwise so that the next oriented arc is - -2 .  The rotation at v is 
clockwise; hence the next oriented arc is -- 3. The complete circuit is 
seen to be 1, -- 2, -- 3, -- 1, 2, 3 or 1, 5, 4, 6, 2, 3. Moreover this is the 
only circuit and each element of Z7 except 0 appears on it. Finally KCL 
holds at v and w. 
Note that by representing the above graph with only clockwise rota- 
tion, we get a much more complicated picture, as shown in Figure 2. 
I 5 
5 I 
FmtraE 2 
It is now time to define the basic notion of a quotient graph (of index 1). 
Given a group Gn of order n, a quotient graph S = S(Gn), of index 1, 
is a graph with the following properties: 
1. Each vertex of S is of degree 1 or 3. 
2. There is a rotation on S which induces exactly one circuit (hence 
the term index 1). 
3. S is a current graph with currents from Gn "~ e. 
4. Each element of order 2 in Gn is a current on a singular arc of S. 
5. Each element of Gn ~ e appears exactly once as the current on 
some oriented arc of the circuit. 
6. The current entering (or leaving) a vertex of degree 1 is of order 
3 inGn.  
7. KCL holds at each vertex of degree 3. 
The basic result of Gusfin is 
THEOREM 1. I f  there is a quotient graph S(Gn) of index 1, then it 
determines a triangular imbedding of K n . 
Observe in passing that the graph of'Figure 1 is a quotient graph S(ZT) 
of index 1. Hence there exists a triangular imbedding of KT. 
To obtain a triangular imbedding of K12s, we propose to define an 
appropriate group -Plus and match the currents with an appropriate 
graph. It will be seen that this is no pedestrian task. 
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3. THE GROUP G(k) 
Recall the following properties of finite fields I (see [7, pp. 91-118]). 
1. For k = 1, 2, 3 .... there is a finite field GF(2 k) called the Galois 
field of order 2 k. 
The addittive group in GF(2 ~) is designated by F+(2 k) and its identity 
by 0. The multiplicative group in GF(2 ~) is denoted by F*(2 k) and its 
identity by 1. 
2. F*(2 k) is cyclic. Its order is (2 k -- 1). 
3. If 0 is a generator for F*(2k), then 1, 0, 03, ..., 0 k-1 is a basis for 
F+(2 ~) over GF(2). 
4. If p ~ F+(2k), then p + p = 0. 
Select any generator 0. Using the exponential notation for an auto- 
morphism, define an automorphism ctof F+(2 k) by linear extension of 
the following mapping of the generators: 
(0~) " - -0  ~, i=2  ..... (k - -  1), 
0 ~' = 1 + 0, (2) 
1" =0.  
Note that 1 "3=0 "3- - (1  +0)  ~= 1"+0"=0+ 1 +0~-  1, and 
0 "8=(1  +0)  ~=(0+1 +0)"= 1 ~=0byFF4 .  
Therefore the identity automorphism e ---- a ~ a, and a s form a cyclic 
group A of  order 3. 
Form the normal (or semidirect) product F+(2~)*A (see [2, p. 88]). 
This is a group G(k), of order 3 9 2 k with elements [p, a], wherep ~ F+(2 ~) 
and a ~ A. Group multiplication is defined by 
Note that 
[p, a] 9 [q, b] = [p + q% ab]. 
The identity element is [0, e] ---- I. 
[p, a] -~ = [p"-l, a-q.  
(3) 
(4) 
(5) 
We need two simple facts. 
1 In referring to these properties, we shall use the abbreviation FF 1, FF 2, 
FF 3, and FF 4. 
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LEMMA 1. [p, a] is of order 2 if and only if p ~: 0 and a = e. 
Proof: Because of (3), 
[P, a] S : [P -k pa, aS]. 
I f  [p, a] is of  order 2, then 
[p + p", a 2] = [0, el, 
which implies that a : e, since A is cyclic of order 3. I f  p : 0, then 
[p, a] is the identity and not of order 2. Hence p :~A 0 and a : e. 
The converse is obvious because of FF4. 
LEMMA 2. [p, a] is of order 3 if and only if p : Co + c10, Co, cl ~ F+(2), 
and a ~= e. 
PROOF: Because of (3), 
[p, a]a : [p + pa + p,~, aS]. 
I f  [p, a] is of  order 3, then 
[p § l~ + pa~, aS] = [O, e]. 
I fa=e thenp+pa+pa2=p=0 by FF3 and [p,a]  is not of  or- 
der 3. Hence a :f: e. 
Using FF 3 there are unique elements ci ~ F+(2) such that 
p= Co + clO + ~ c~O i.
i>1 
I f  ci 5 & 0 for some i > 1, then by (1) the expression (p + pa q_ p.2), 
written in terms of the basis, would contain ciO i, and hence be different 
from O. Consequently, 
p = Co + c10. 
Conversely, by hypothesis, a = a or a S. Hence, [p, a] :~ I and a n = e. 
Consequently, 
Lo, a] ~ = [p + pa q_ p~,, e]. 
Since 
p = Co + cxO, 
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using (2), 
Hence, using FF  4, 
and [p, a] is of  order 3. 
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pa = Cl + (e 0 + Cl)O ' 
p~ = (Co + cl + cl)0. 
p + p" + p~ = O, 
For convenience in printing, let 
b = 2 k 
and define 
S i = [0 i 27 0 i+l, e], i = 1 ..... (b -- 1), 
t~=[O i,a], i=  1 ..... (b - -  1), (6) 
tb = [0, a]. 
Applying Lemmas 1 and 2, we observe that 
the only elements o f  order 2 in (6) are s~, (7) 
i= i  . . . . .  (b -- 1). 
tl and tb are o f  order 3. (8) 
Note that, by (5), the second coordinate of t? a is a -1 ~ a; hence the 
C: 
collection 
Si, i=  1 . . . . .  (b -- 1), 
t i ,  i = 1 ....  , b, 
h -1, i = 1 ..... b, 
consists of  3b -- 1 distinct elements and none of them is L Hence 
the colleetion C is G(k )~ L (9) 
We assert that 
si " h = ti+l ; i=  1 . . . .  , (b -- 2), (10) 
tb_ l " Sb_  x = t b . (11) 
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Statement (10) is practically obvious. As for (1 1), since b = 2 k, by FF2 
0 b - l=  1 and0 b=O. 
Hence 
tb-1 " Sb-1 : [1, a] .  [1 + 0, e] 
: [1  +0+ 1 +0,  a] by (2) and (3) 
: [0, a] by FF 4. 
It should be noted that if A4 is the alternating roup of degree 4 and Z2 
is the additive group of integers mod 2, then 
C(k) ~ A4 • (Z~) ~-~. 
For small values of k the definitions of (6) have been made explicitely in 
terms of the group Aa • (Z2) ~-2 so as to satisfy (7) to (11). However, 
the only general method known uses the multiplicative structure of 
GF(2 ~) as above. 
4. THE QUOTIENT GRAPH S(Flas) 
Given any positive integer s, there are unique non-negative integers 
m and r such that 
s = 2m(2r + 1). 
The group G(m q- 2) has been defined in Section 3 and is of order 
3 9 2 m+2 ---- 12 9 2% As usual let Zn be the additive group of integers 
mod n. The group /~128 is defined by 
1~ ---- G(m + 2) • Z~r+~. 
Note that it is of order 12 ' 2m(2r + 1) = 12s. 
In order to conform to the notation of Section 3, let 
k=m+2,  
b = 2 k, 
and observe that k > 2. Because of (7) and (9) we know that 
the only elements of order 2 are 
(si ,0),  i=  1 ..... (b -  1). 
(12) 
52 TERRY, WELCH, AND YOUNGS 
Moreover,  because of (8) 
( t l ,  0) and (tb, O) are of order 3. (13) 
The quotient graph will consist of a "crown"  and r "boxes"  as shown 
in Figure 3, stripped of detail, which will be shown later. 
Box No. 0 1 (r - -2 )  ( r -  1) 
FIGURE 3 
Crown 
All the vertices of the graph are of degree 3 except the two at the ex- 
treme left, which are of degree 1. There are (b -- 1) singular arcs on the 
crown. 
In Z2r+l define 
Xi -~-  - -  i, 
Yi : (i + 1), 
zi :2 i -+-  1, 
w~ = 2i q- 2, 
and notice that 
Xi + zi = Yi , 
X~ + Z~---- X~. 
Xi+l  Af_ Wi  = Y i  , 
i = O, ..., r, 
i=0  ..... ( r - -  1), 
i : O, ..., r, 
i----0 ... . .  ( r - -  1), 
i=O ..... ( r - -  1), 
since zr = (2r + 1) = O, 
i=0  ..... ( r - -  1). 
We now proceed to supply the details in the crown and boxes. 
(14) 
(15) 
CROWN DETAIL. Figure 4 carries the current f rom G(k); Figure 5 
carries currents from Zzk+l. 
Since the currents are f rom _F12 ~ = G(k) • Z2r+l , it contributes to 
clarity if, in each case, we draw two identical graphs. 
THE GENUS OF K12 s 53 
Currents from G(k) 
SI 
t~  $3 
4 
~b -3 
lb_ 2 Sb'3 
c ?b '1 "b-, $b-2 Sb.n 
F~GtmE 4 
Note that because of (12)  
the currents on the singular arcs are of order 2 in I'les, 
and all the elements of  order 2 are currents on singular arcs. 
(16) 
Observe also that KCL obviously holds at each vertex of  degree 3 for 
the currents from Z2r+~ 9As for the currents f rom G(k), by (10) and the 
fact that si = s~ -x, 
ti+x " t i  -1 " s i  ~- /9  i = 1 ..... (b - 2); 
9 t -1  =L  tb " Sb-1 b-1 
and by (11), 
Hence 
KCL holds in I'1~ 8at each vertex of degree 3 in the crown. (17) 
Box DETAIL. Boxes are o f  two types, depending on whether or not i, 
the number of  the box (see Figure 3), is congruent to r mod 2. I f  i ~ r 
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Currents from Z~r+x 
0 
o 
Xr 
r 
0 
FIGURE 5 
mod 2, the box is said to be of Type A; if i ------ r mod 2, it is of Type B. 
Notice that boxes exist in the diagram if and only if r > 0. In such a 
case, the box adjacent o the crown [that is, Box No. (r -- 1)] will be 
of Type A; the next box to the left of Type B; and so on. 
In the figures below not only is the detail for Box No. i exhibited, but 
also the leftmost currents on the Box No. (i + 1). This is convenient in 
checking KCL. 
On the top line of Figure 6, the only clockwise rotations (counting 
from left to right) are at the first two vertices and at the last. On the 
bottom line, there is only one clockwise rotation; it is at the next to 
the last vertex. 
Looking at the diagonal arcs, notice that the displayed orientations 
alternate. Since (b -- 1) is odd, the first and last of these "point upward." 
The rotations at the vertices and the orientations on the arcs in Figure 7 
duplicate those in Figure 6. 
Observe that because of (10), (11), and (15), 
KCL holds in 11:2 sat each vertex of degree 3 below. (18) 
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Currents from G(k) 
Type A: box No. i, i @ r mod 2 
tb tb.i t3 t z ti 
i 
tl tz t3 tb.~ tb 
FrOLrRE 6 
Currents from Z~r+l 
xi Y~ Yi xi Yi ll--i ~ 
Xl Yl xi xl Yi 
FIGURE 7 
t I 
t b 
Xi+l 
Wl 
Xi+l  
On the top line of Figure 8, the only clockwise orientations (reading 
from left to right) are at the first and the last two vertices, On the bottom 
line, the only clockwise rotation is at the second vertex. 
The orientations on the diagonal arcs alternate as in Figure 6; notice, 
however, that the currents do not duplicate those of that figure. 
The rotations at the vertices and the orientations on the arcs in Figure 9 
duplicate those in Figure 8. 
As before, 
KCL holds in l'a2 s at each vertex of degree 3 below. (19) 
If r = 0, then there are no boxes--only the crown exists. This means 
that s = 2 ~ and, recalling that k = (m + 2), 
F~, = G(k) • Z~ ~--:C(k). 
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Currents from G(k) 
tj 
0 
Type B: box No. i, i ~ r rood 2 
t2 t 3 l"b_ I t b 
tb .  I t 3 t z t 
FIGtmE 8 
t b 
A 
tp 
Currents from Z~r+~ 
x~ y~ x i x~ y~ 
Z i Zi 
Z i 
Xi Yi ~ Xi Yi 
FIOUR~ 9 
Wi 
Xi§ 
xI.PI 
Hence we need only look at Figure 4. 
THEOREM 2. Figure 4 is a quotient graph S(F12s). 
PROOF: QG1 (= property 1 of quotient graphs) is obviously fulfilled, 
as are QG2 and QG3. 
QG4 holds because of (7). 
The currents on the circuit are precisely the collection C; hence, by (9), 
QG5 is true. 
QG6 holds because of (8), and QG7 has already been checked in (17). 
Now suppose r ~ 1. Then 
F~ = G(k) • Z~.~.  
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THEOREM 3. Figure 3, when fi l led in, is a quotient graph S(/'12s). 
PROOF. QG1 obviously holds. 
The proof of QG2 will be taken last. 
The identity element of/'12s is (I, 0) where I is the identity in G(k). 
But I appears only on the verticals of the boxes and here the second 
coordinate is wi ~ 2i + 2, i = 0, ..., ( r -  1). (See (14).) That is, the 
second coordinate cannot be 0 6 Z~r+l. This, together with the first 
part of (16), proves QG3. The second part of (16) proves QG4. 
Bypass QG5 to consider QG6. The only vertices of degree 1 are the 
two at the extreme left of Box No. 0. 
If r is odd, then Box No. 0 is of Type A. The current leaving the upper 
vertex is (tb, Xo) = (tb, 0), and that entering the lower vertex is (ta, 0). 
(See Figures 6 and 7.) If r is even, then Box No. 0 is of Type B. The cur- 
rent leaving the upper vertex is (t l ,  0), while that entering the lower is 
(tb, 0). Because of (13), QG6 is satisfied. 
QG7 has been checked in (17), (18), and (19). 
In preparation for QG5 we make the following 
ASSERTION. Every element of  F12s ~ (I, O) occurs exactly once on the 
current graph. 
Note that all the (2r q- 1) elements of Z2r+l can be represented with 
the following symbols 
0; and 4- i, i = 1 ..... r. (20) 
or  
4- (2i § 1), i ----- O, ..., (r -- 1); and (2r -}- 1) = O. (21) 
Moreover, all the 2r elements of Z2r+l ~ 0 can be represented by the 
symbols 
-4- (2i q- 2), i = 0, ..., (r -- 1). (22) 
An examination of Figures 6 to 9 reveals that the currents which appear 
in Box No. i do not depend upon whether the box is of Type A or 
Type B. It is merely their arrangement which changes. 
Consider any tj and the Box No. i. Then (t~, x 0 = (t;,  -- i) and 
(t;,  Y0 = (tj ,  i + 1) occur there on horizontal arcs. Moreover, (t j ,  xr) 
= (tj ,  -- r) occurs on the crown. Hence (t j ,p) ,  p = 0, 4- 1 . . . . .  4- r, 
occurs on the current graph. By (20) this means that each element 
(t~ ,p); j = 1 .... , b; p ~ Z2r+1 
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appears. The inverses of these currents appear on the arcs with opposite 
orientation. 
Hence the elements 
(ts, p), ( t f  1, p); j = 1 ..... b; p e Z2r+1 (23) 
appear as currents on the horizontal arcs of the graph and the non-sin- 
gular arcs of the crown; moreover, no other currents appear on these 
arcs. Finally, by virtue of C, the collection (23) consists of 2b(2r + 1) 
distinct elements of/'12s 9 
Now consider any s~ and the Box No. i. Then (s~, z0 = (s~, 2i + 1) 
and its inverse (s~, -  (2i + 1)) occur there. Moreover, (s~,zr)= 
(s~, 2r + 1) = (s j ,  0) appears on a singular arc of the crown. Hence 
by (21) the elements 
( s j ,p ) ;  j = 1 . . . .  , (b - 1) ;  p e z2,+~ (24) 
appear as currents on the diagonal arcs and singular arcs of the graphs; 
moreover, no other currents appear on these arcs. By virtue of C, the 
collection (24) consists of (b -- 1) (2r + 1) distinct elements o f / '~ .  
Finally consider the vertical arcs. The currents which appear here on 
Box No. i are (/, wi) --  (L 2i + 2) and its inverse (/, - (2 i+2) ) .  
Hence by (22) the elements 
(I, p);  p e Z2~+, ~.o 0 (25) 
appear as currents on the vertical arcs; moreover, no other currents 
appear on these arcs. The collection (25) clearly consists of 2r distinct 
elements of/'128 9 
In virtue of C, the collections (23), (24), and (25) are disjoint. Hence 
the graph carries precisely 2b(2r + 1) -& (b - 1) (2r + 1) q- 2r = 
3b 9 (2r -4- 1) -- 1 = 3 9 2~(2r + 1) -- 1 = 12s -- 1 distinct elements of 
-P128 9 Since (I, 0) does not appear as a current, the assertion is proved. 
It is now clear that a proof of QG2 will show that QG5 holds. 
The proof of QG2 is by induction. We already know it to be true if 
there are no boxes. Suppose it to be true if there are r boxes. Consider 
the situation if there are (r -4- 1) boxes. 
Box No. 0, the first on the left, can be represented without any 
crossovers, as in Figure 10, by "stretching" the arc with current (tb, YO 
in case the box is of Type A and flipping the lower horizontal line over. 
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Remember, this means that all the rotations below, except the rightmost, 
must now be reversed. The representation in Figure l0 also shows, at 
the right, a bit of the next box, or the crown if r = 1. Note that, exclud- 
ing the rightmost vertical arc, there are (b -  1)----2 ~ - -1  others, 
Box 0 of Type A 
iii)  
!l lf 
Path P 
Path O . . . .  -w, 
FIGURE 10 
and no vertical arc do the rotations on its vertices agree. Moreover 
k ~ 2; hence (b -- 1) = 3, 7, 15 . . . . .  The crucialpoint is that the number 
of these verticals is odd. 
This means that there will be a "long" path starting with the ori' 
ented arc (tl ,  Xl) -1 above and terminating with (h ,  xl). This is the 
"solid" path of Figure 10 which traverses all the verticals twice except 
the first and last. Call this path (t l ,  xl) -1, P, (t l ,  xl). There will also be 
a "short" path starting with the oriented arc (tb, x~) and terminating 
with (tb, x0 -1. This is the "dashed" path of Figure 10. Call this path 
(tb, xl), Q, (tb, Xl) -1. 
Now erase Box No. 0 and consider the remaining diagram. By the 
inductive hypothesis we know that the rotation induces a single circuit. 
The situation on the two leftmost arcs of the reduced iagram is obtained 
from Figure 10 by erasing all the arcs except he two at the extreme right. 
In view of the assertion given as a portion of the proof of Theorem 3, 
successive currents on the oriented arcs of the single circuit may be used 
to describe the circuit without ambiguity. These successive currents 
provide a permutation of which the portion that is pertinent is 
( ( t l ,  X1) -1, ( t l ,X1) , ' "  (tb,X1), (tb, X1) -1" ' ' ) .  
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Now add Box No. O, and it is clear that we shall get a single circuit 
((q,  xO -1, P, (tl ,  x1) " ' "  (tb, .x1), Q, (tb, xO -1.. .  ). 
The proof is entirely analogous in case Box No. 0 is of Type B. 
In view of Theorem 1 there is a triangular imbedding of Kl~s and 
~(K12s) -- I(12s) for s ----- 1, 2, 3, - . . .  
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